—1
I = (x8—|—1) dx

In the moment when I truly understand my enemy, understand him well enough to defeat him, then in that
very moment I also love him. I think it’s impossible to really understand somebody, what they want, what they

believe, and not love them the way they love themselves.

And then, in that very moment when I love them... I destroy them.

— Ender’s Game

The first thing to note is that the denominator indeed factors:
X341 = (x2)4+1 = (x4—\/2x2+1> (X4—|-\/ZX2+1).
This allows us to do partial fractions.

Ax2 + B Cx2+D (x4+\/§x2+1> (Ax2+B)+(x4—\/Zx2+1) (Cx2+D)

X4—\/§X2—|—1+x4—|—\/2x2—|—1: x8 + 1
The numerator expands as:
(A + C)x® + <\/§(A—C) + (B+D)) x* + ((A+C) —l—\/Z(B—D)) X2+ (B+D)
Setting C = —A and B 4 D = 1, this simplifies to:
(2f2A+ 1) X+ V2(B - D) +1.

Therefore,
A=— ] B = 1 C = 1 D = ]
= 2\/2) - 2) - 2\/2) — 2.

Substituting and simplifying, we obtain:

[—_ LR R el C 2 PN
22 V22 +1 XA —V2x2+1

Now let

x* + o
= dx.
J Jx“ o410
Again we may factor the denominator:
X'+ oot + 1= (xz—\/Z—ocx—H) (xz—i—\/Z—ocx—H).

Now back to partial fractions.

Ax+ B N Cx+D (X +V2—ax+1)(Ax+B) + (x* —v2—ax+1) (Cx+ D)
X2 —V2—ax+1 x2+vV2—ax+1 x4+ ox?2 + 1

The numerator expands as:
(A+C) + (\/m(A—C) +(B+D))x2+ (\/ﬂ(B—D) n (A+C))x+ (B + D)
Setting C = —A and B + D = « yields
<2Am+ oc) X% + (\/ﬂ(B — D)) X+ .



Therefore,
1 —«

22— o

Substituting and simplifying, we obtain:

A =

x
B:— =
2’ ¢

< T—« ) R x —

J=| —— — dx.
2v/2 —« x2—vV2—oax+1 x++vV2—ax+1

Set B = v/2 — acso that o« = 2 — 32. Then

o2—o  (2—PHB  2B—P° l—a  B2—1
l—ax 1—(2-p%2) p2-1" 2V2—a 2B

B2 1 x -+ 28 263
J = 23 J( Bx+1 xz—l—Bx—H)

28 —p° 1 B 2B B’ 2(3—63_1 B, 2P’
g e m () T e (55,

Our new expression for J is thus:

Now note that

which implies

B2—1 x—p g 4288 2x+ B g+
J= 443 —ﬁx+1+ 2 z_xz+[3x+1+ 2 L
(x—%) +1-& (x+% +1-&
X2 — Bx+1 B 2p—p3 [32 x+ 8
log <x2+[3x+1) <§+ 71 1— arctan + arctan \/_76_2 +C
4
11—« (2 2— ocx+1) (1+<x)(2+oc)( <2x— —oc) <2x+\/2—oc>>
+ arctan + arctan +C
T 42 X2+ V2 —ax+1 32 Voot 2

In particular, for o = /2,

1—\/2 <x2—\/2—\/§x—|—1) (1+\/§)(2+\/Z)< <2x— 2—ﬁ> (27(—0—\/2—\/2))
+ arctan + arctan +C

I_

44/2 — X24+V2—V2x+1 32 2+V2 2+V2
and for o« = —/2,

14+2 X2 —V2+V2x+1 (1—-v2)(2—V2) 2X—V2+V2 X+ V2+ 2
] =—————1log + arctan + arctan +C

42 +2 X2+ V2+V2x+1 32 2—V2 2—2
Concluding,

1= 1 ( 1—v2 log<xz_ 2—\/§x+1)+(1+\/§)(2+\/§) (arctan(zx_ 2_\/2)+arctan<zx+ 2_ﬁ>>>

2V2\av2-2 X2+ V2 —V2x+1 32 242 242

1 14+2 X2 —V2+V2x+1 (1-v2)(2-V72) 2x—V2+V2 2x+V2+V2
— i log + arctan > + arctan > + C.

X2+ V2 +V2x+ 1 32 —V2




