Electrodynamics: Connection and Curvature

Abstract

We derive the differential form of Maxwell’s equations carefully, as well as the matrix form of F.

This writeup uses the (—, +, +, +) signature convention. Letc = gy = ¢o = 1.
Maxwell’s equations in vector form are then:

V- -E=4mp V xE=—-0.B
V-B=0 V xB=4n]J + o;E

Where E is the electric field, B is the magnetic field, and J the electric current.
In tensor notation, we have:

OE =4n]° e"*0;Ex = —0B"

9iB'=0 e 0By =47 J' + QoE"
The electromagnetic 4—potential A can be expressed as a vector:

Af = ey +Ale; +A%e, +Ades; —— A= ey + Ale;
We may flatten this to obtain a 1-form:
A" =¢pdx®+ A dx' + A, dx + Asdx® ——  Ag=pdx® + Adx

Taking the exterior derivative of this expression,

dA’ =d (¢ dx® + Ardx' + Ay dx® + Az dx’)
= d(d) dxo) + d(A1 dx]) + d(Az dxz) + d(A3 dx3)

= 0p dxX° Adx® +9;pdx! Adx® + 9, dx? A dx® + 93 dx A dx°

+ 9A; dx® Adx! + 9;A; dx! Adx! 4 9;A; dx? Adx! + 95A; dx3 A dx'
+ 00A, dx® A dx? + 9;A; dx A dx? 4 9;A; dx? A dx? + 95A, dx® A dx?
+00A; XX Adx® + 1A dx! Adx® + 9,A5 dx? A dx® + 93A5 dx® A dx®

= (00A; — 1) AX° Adx! + (9pA, — 3:) dAX® A dx? + (dpA3 — d3d) dx® A dx®
+ (62A3 - agAz) dXz /\ dX3 + (63A1 - 61A3) dX3 /\Cb(1 + (61A2 - 62A1) dX1 /\dXz

= (0,A, — 0yA) dx* Adx”
Expressing the (antisymmetric) electromagnetic tensor / Faraday 2—-form F as
F’ = (0,A, —3,A,)dx* Adx’  «— F = (0,A, —3,A,)dx* ®dx"
we see dA” = F” and hence dF”” = d(dA’) = 0. This is commonly simplified to

dF =0.



The fields E and B can be expressed in terms of the potentials ¢ (electric) and A (magnetic) as:
E=—-Vd—0:A, B=VxA

In tensor notation, this is:
E'=—0'A°—9pA,,  B'=e*QjA
Simplifying,
El = —3'A% — 0pA' = —""9; A% — QAT
= —0iA” — QA" = —0iAM™ — AM"
= 0iA¢ — 0oAi = —Fyo

Bi = Eijka]'Ak = a]Ak — akA] = ij
so that in matrix form (using antisymmetry of F),
0 —E' —E2 P
E; O B3 —B?

Fuo] = E, B> 0 B!
E; BZ —B' 0

Let’s rewrite F as a 2—form with these new expressions:
F? = E'dx' Adx® + EZdx® Adx® + B> dx® A dx®
+B'dx* Adx® + B2dx® Adx' + B dx! Adx?
Taking the Hodge star, differentiating, and then taking the Hodge star once more,
*F? = (BT dx' Adx® + E2dx? A dx® + E3dx® A dx9)
+x(B'dx? A dx® + B2 dx® A dx! + B®dx' A dx?)
=E'dx* Adx® + E2dx® Adx! + B dx! Adx?
—B'dx' Adx® — B?dx? A dx® — B dx® A dx°

d(xF") = 0oE'dx® A dx® A dx® + 94 E'dx! Adx? Adx® + 9E2dx® A dx’® Adx' + 9,E2dx? A dx® A dx!
+ oE2dX® A dx! Adx? + 95E3dx® Adx! Adx? — 9,B'dx? Adx' Adx® — ;B dx3 Adx! Adx°
— 0;B2dx3 A dx? Adx® — 9;B2dx' Adx? Adx® — 9;B3dx' A dx® Adx®—9,B3dx? A dx® Adx°

= (31E" + 0,E2 + 05E3) dx' A dx@ A dx® + (3oF" + 33B2 — 3,B%) dx® A dx? A dx
+ (BoE2 + 97B% — 93B") dx® A dx® Adx' + (3E® + 9,B' — 9;B2) dx® A dx' A dx?

*xd(xF?) = —(01E' + 3,E2 + 95E3) dx° + (9,E' + 9;B% — 3,B3) dx!
+ (00E2 +9,B> — 9;B') dx? + (0oE> + 9,B' — 9,B?) dx®
= —iE dx® + (3pE" — eU%0;B¥) dx' = —;E'dx® + (9oE" — £7°9;Byn™*) dx!
= —0;E'dx° + (QoE" — e"*0;By) dx' = —4n]° dx° + 4] dx' = —47nJon®dx° + 4nJin" dx*
= 4nJodX° + 4n) dx' = 4nfdx* = 4n)’.

This is commonly simpified to xd(xF) = 47t] or, using the codifferential 6(—) = xd(%(—)),

5F = 4n.



